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ABSTRACT
Models of Lorentz/diffeomorphism violation frequently make use of a time-dependent scalar field.
We investigate space-times produced by such a field.
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These days there are extensive studies of field theoretic models that incorporate the possibility
of breaking CTP and/or Lorentz/diffeomorphism invariance in gravity [1]. Typically, these models
contain either a vector field or a scalar field, whose vacuum expectation value selects the direction
of symmetry breaking. Space-time symmetries are lost while spatial symmetries are preserved if,
in a preferred frame, the vector field develops a time-like expectation value vµ = (v,0), with a
constant v, or if the scalar field gets a time-dependent expectation value θ(t), and vµ = ∂µ θ.
The self-consistently determined space-time produced by vµ = (v,0) or θ(t) through Einstein
equation would provide a background about which gravity theory should be expanded. Then
Lorentz/diffeomorphism symmetry would be broken in the resulting theory. However, the above
form of expectation values often requires an exotic or rather unnatural form for the vector or scalar
field Lagrangian in these models [1].
In this talk I shall discuss my recent research, motivated by the above topic, which is carried
out in collaboration with Roman Jackiw. Instead of considering a scalar field with unconventional
dynamics, we adopt a toy model which consists of gravity and a minimally coupled massless scalar
field θ, and we study the space-times produced by a time-dependent solution θ(t). The field
equations are Einstein equation and the equation of motion for θ,
Gµν = 8pi G Tµν (1)
D2θ = 1√−g ∂µ (
√−g gµν ∂ν θ) = 0 (2)
where Gµν = Rµν − 12 gµν R and Tµν is the energy-momentum tensor given by
Tµν = ∂µ θ∂ν θ − 12 gµν gαβ ∂α θ ∂β θ. (3)
Using (3), the Einstein equation may be written as
Rµν = 8pi G ∂µ θ ∂ν θ. (4)
We considered two kinds of solutions: (i) a spherically symmetric, time-dependent metric which
we call a “vacuum” configuration; (ii) a Robertson-Walker metric which may be called a “cosmo-
logical” solution. For both cases, only the diagonal components of Rµν are non-vanishing. The
space-time component of Einstein’s equation (4),
R0i = 0 = 8pi G θ˙ ∂i θ, (5)
requires either θ˙ = 0 or ∂i θ = 0. We posit the latter eventuality so that θ depends only on time.
Then the remaining non-diagonal components Rij , i 6= j, lead to vacuous equations. The diagonal
components of Rµν provide three differential equations:
R00 = 8piG θ˙
2 (6a)
Rrr = 0 (6b)
Rθθ = 0. (6c)
1
Rφφ = sin
2 θ Rθθ does not provide a new equation. For θ, which depends only on t, the equation of
motion (3) becomes
∂0(
√−g g00 θ˙) = 0. (7)
The above four equations, (6a, 6b, 6c) and (7) are key equations for both vacuum and cosmological
solutions.
Vacuum Solution
The most general form of the line element of a spherically symmetric, time-independent metric may
be parameterized as
ds2 = eν dt2 − eλ dr2 − r2 dΩ2, (8)
with λ and ν functions of only r and dΩ2 = dθ2 + sin2 θ dφ2. For this metric, the solution to (7) is
given by
θ(t) = vt, (9)
where v is an arbitrary constant. Then equations (6a)-(6c) lead to the following differential equa-
tions.
ν′
r +
1
2 (ν
′′ + 12 ν
′2 − 12λ′ν ′) = 8pi Gv2 e(λ−ν) (10a)
λ′
r − 12 (ν ′′ + 12 ν ′
2 − 12 λ′ ν ′) = 0 (10b)
ν ′ − λ′ = 2r (eλ − 1) (10c)
(Prime denotes differentiation with respect to r.) Expressing ν ′ in terms of λ using (10c), (10b)
may be written as
λ′′ + 3λ
′
r (e
λ − 1) + 2
r2
(eλ − 1)(eλ − 2) = 0, (11)
while the sum of (10a) and (10b) becomes
e−ν = 2µ2r2 [1 + (rλ
′ − 1) e−λ], (12)
where µ2 ≡ 8pi Gv2. Eq. (11) possesses a spurious solution of the system, eλ = r/r − c. For c > 0
this is the Schwarzchild solution which satisfies, (10b) and (10c), but does not satisfy (10a) where
µ2 6= 0. There are two self-evident solutions of (11): eλ = 1 and eλ = 2. However, eλ = 1 is a
special case of the spurious solution with c = 0. The solution eλ = 2 gives eν = µ2r2 leading to the
line-element [2]
ds2 = µ2 r2 dt2 − 2dr2 − r2 dΩ2. (13)
It appears that all solutions tend to the above expression at large distances. This follows from
an analysis in which it is assumed that the asymptotic expression can be expanded in dominant
and subdominant terms. We find,
λ = ln 2 + αµr cos (
√
3 ln µr + β) + ... (14a)
ν = 2 ln µr − αµr [cos (
√
3 ln µr + β) +
√
3 sin (
√
3 ln µr + β)] (14b)
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where α and β are arbitrary parameters. The next sub-leading terms do not introduce any addi-
tional parameters and behave as (µr)−2 times trigonometric functions with twice the above argu-
ments.
Thus a scalar field linear in time produces self-consistently a 2-parameter family of static, rota-
tionally symmetric space-times, none of which is asymptotically flat. The only analytic solution we
found, i.e. the expression in (13), is a special case which is independent of arbitrary parameters.
The system possesses scale invariance, λ(r)→ λ(cr). Our explicit vacuum solution is the unique
solution which is scale invariant, other solutions are scale covariant, in the sense that scale trans-
formations change the two arbitrary parameters of the solutions.
It is not apparent that the space-time described by the line-element (13) can be employed as a
physically acceptable background about which gravity theory should be expanded. It possesses a
singularity at r = 0, which acts as an attractor for geodesics, whose paths can be determined as
usual from the geodesic equation. On the plane where the polar angle is pi/2, the path has a simple
form,
r(t) = r0coshωt
φ =
√
2 ω¯t (15)
where ω, ω¯ and r0 are constants of motion satisfying ω
2 + ω¯2 = µ
2
2 . A particle starting out at r0
spirals into the origin in infinite time.
Cosmological Solution
For the Robertson-Walker metric,
ds2 = dt2 − a2(t) [ dr2
1−kr2 + r
2dΩ2
]
(16)
where k = ±, 0, the solution to (7) satisfies
θ˙(t) = v a(t)−3 (17)
where v is an arbitrary constant. The Einstein equations (6) read
− 3 a¨a = 8pi G v2 a−6 = µ2 a−6 (18a)
(aa¨+ 2a˙2 + 2k) gˆij = 0 (18b)
where gˆij is the metric for 3-dimensional comoving coordinates. The first integral of (18a) becomes
a˙2 = 16 µ
2 a−4 − c (19)
where c is an integration constant. Using (18a) and (19), one finds that c = k. The final integration
of (19) involves elliptic functions for k 6= 0, so for simplicity we consider a flat Robertson-Walker
metric, k = 0.
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We find that
a(t) = (32 )
1/6 (µt)1/3. (20)
Substituting (20) into (17), we find
θ(t) = 1√
12pi G
ln t. (21)
For this scenario, the universe expands as t1/3, which is different from the expansion due to radiation
or matter domination in the standard cosmology.
Hydrodynamic Formulation
More information about the space-times produced by a homogenous, but time-dependent scalar field
can be obtained from the hydrodynamic formulation of our equations. It is known that the energy-
momentum tensor of a scalar field, that depends only on time, has an ideal fluid representation,
provided g0i vanishes [3]. If g0i = 0, it follows that g
00 = 1g00 . For both of our scenarios, the
static spherically symmetric metric and Robertson-Walker metric, g0i vanishes. For our system,
the energy-momentum tensor is from [3],
T00 = θ˙
2 − 12 g00 g00 θ˙2 = 12 θ˙2 (22a)
Tij = −12 gij g00 θ˙2 (22b)
T0i = 0. (22c)
On the other hand, for the ideal fluid the energy-momentum tensor is of the form
T˜µν = −P gµν + (P + ρ) uµuν , (23)
where P is the pressure, ρ is the energy density and uµ is the four-velocity of the fluid normalized
to unity, uµuν gµν = 1. In the comoving coordinates where the fluid is at rest, u
µ = (1/
√
g00, 0)
and uµ = (1/
√
g00, 0), the energy momentum tensor is,
T˜00 = g00 ρ (24a)
T˜ij = −gij P (24b)
T˜0i = 0. (24c)
Comparison with (22) shows that
ρ = P = 12 g
00 θ˙2. (25)
A fluid with this equation of state is called a “stiff” fluid. For our two scenarios, we have
ρ(r) =
1
16pi Gr2
(26)
for the static, spherically symmetric space given in (13) and
ρ(t) =
1
24pi Gt2
(27)
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for the cosmological solution with a(t) ∼ t1/3. Note that (26) again shows the singular behavior at
r = 0.
The rather vast gravity-fluid mechanics literature , with an arbitrary equation of state, can be
searched for our static solution. Only space-time (13) can be found there as a special case [4].
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